
Math 4650

[Homework 4

solutions



⑮
Let 2 = 0

.
01.

We want 630 so that if 0 < IX-21S

then0
Just take S = 0 .

01 .

M

·



⑮
Let 2 = 0 . ) .

We want 870 where if OcIX-11S

then 1*-11 < 0 .
01

INote that

If SE ,
then ocx-1/S

will give
- E < X-1cE(x + )

or Exz(x + 1) .

Then , 3* 2.

so
,

if 82 then 1-11= 21x-112

*

We need 2800 t
Thus

,
pick S= 0 .

005 o
this is less

than Y2·So
,

if 8 = 0, 005
this S

und OIX-1km
S

then 15-1128



F-

-

-

f(x)= Yx

↳HE --

- - -

-

L = 1
- - - -

-C its



⑪
Let E30 .

We want to find do where if

0 < (X- (-1))>8 then 1(2x +3)-3/2 .

That is
,

find 80 where if 0 < (x+ 11 S

then 12x + 21 < S

Note that

(2x + 2) = (n(x + 1)) = (2) - (x+1) = 2(x + 1)

This,
if we set = then it

· < /x + 118 we get that

((2x + S) - 3) = (2x + 2) = 2(x+ 11 < 2 . E = E

~

herefore,in (2x+



⑮ Let 570 .

We want to find 80 where if O < IX-11S

then 1 ** - * E

Note that

&-=

·- we can

~
Eith

⑮
this is an arbitrary

First let's assume S[14
number that I pickedWto get a starting

Then if Ix-11 < S21 brund un 8 so we

can bound
We get - 1X-1) . itSo

,
0 < X2 .

Thus, 32x + 345

↳Thus,
if Ix-11

ther<



So, if Ix-11811 ,
then

-=1x -11 . (x - 1) =y

Set S = minE1,E3.
Then we get BOTH S21 and SE.

So if 0xIx-118 ,
then

-((x-1)3 = E

↑ ↑

ore*
So

,
if 01X-118

,
then -E

↳
retre,



# Note that if we plug x = 2

into x" then we get 2" = 16
.

So
,

let's try to show thatin x"= 16

Let 230 .

We want to find 80 so that if 0xIX-21)

then Ix"-161E.

Note that

| x"- 16) = (x 4) . (x+ 4)

= (x-2).+ 4)

-m

thiswe, letAnd
with S on 8 to control

these two

arbitrarynikedLet's start by assuming S11. starting bound

that I

Suppose 0C(X-21811 .

Then, (x1 = (x - 2 + 2)-(x - 2) + (2) > S + 2 < 1 + 2 = 3.

So
, Ix 13 .

This gives
|x + 2) = (x | + (2)(3 + 2 = 5

and

(x+ 4 | = (x + 14) = (xi+ 4 < 3 + 4 = 13 .



Thus
,
if (x-2/>S2) , then

(x"- 16) = (x - 2 | . (x+ 2) . (x+ 4)

< (x- 21 . 5 . 13

= 65(X - 2)

Now set S = minE1,3
So we get BOTH 8 - 1 and Ss

have

Then if 0 < /x-218 wa

(x" - 16) < 65(x- 21655565 . 5 = E

↑ ↑

from above ⑪⑭since -

Thus
,
if 0 < /X-2/8

,
then Ix"-16KE

Therefore limx" = 16

1



⑪
Note that plugging x = 1 into gives tel .

Let's show that lim *= 1.

X+ 1

Let E > 0 .

We want to find 830 so that if OCIX-11S

then 1*-11E . Et
Note thatIt-1

=

xyx+ 1

(x2)

Let SEE *We can't pick 6

we need to stay

Then if Ix-1181 E away from ·the asymptote
we yet -Ex-1E a + X = 0[If you pick

or Ex ·se ↑
It
here

8-

Then
, Exx+ 1 < 2 stays

away

and x* from
y-axis

This will give Ix+ 11 < asymptote



and2T> 4

Then
,

if 0 < IX-11 < SEI we get

|k - 1) = (x- 11 . (x + 11 -y > (x- 11 . E - Y

AL = 10 . (x - 1)
.

above

set S = mini b

Then Set andSe To

So
,

if 0 < IX-1KS ,
then

1 * -11 < 10 . (x-119108-10
.

0
=

S

L ↑
since

Sel⑭ ⑫from

Thus
,
if O < IX-1198

,
then 1 * -1/E

Mereton,



⑮
Note that if x = z then X-1 = 7.

Let's show thatlim (x*1) = 7 .

X + 2

Let E30 .

We want to find 820 so that if

ockx-218 ,
then 1(X-1)-7/E .

Note that

((x2- 1) - 7) = (xi- f) = ((x- 2)(x+ 2x + y)

↑

O·this starting
bound on S

is so we can

bound the term 4X - S

(x2 + 2x + 4)
- (4X - 8)

↓
-

Suppose S[1 .

Then if Ix-21S21 we get that

(x| = (x - 2 + 2) = (x - 2) + (2) S + 241 + 2 = 3



which gives (x+ 2x + 41 = /X 1 + (2x| + 141
A

S
= (x|+ (2)(x) + 4

triangleequality
= (x) + 2(x) + 4

< 32 + 2 . 3 + 4

= 19

Thus
,
if Ix-21 < Se) then

S

| (x)- 1) - 7) = (x- 2) . (x2+ 2x + 4)

< 19 . (x-2)

Set S = minEl , 3.

Then 541 and 8

So if 0 < IX-2158,
then

((x- 1) - 7) < 19 . (x - 2) < 1987 19 - = E

P ↑
sinceisore ⑮from

This
,

if Ockx-2/>S ,
then 1(x-1)-713 .

So
,

lim(x-1) = 7 #
X+ 2

-



⑮
Let f : D-1R with aeR where a is a

limit point of D.

Suppose Linf(x) = L
,

and limf(x) = La
X- a

We
will show that L

,
= Le

Let E < 0.

Since /im f(x) = L
,

there exists 8
,
30 where it

X + a

XeD and OcIx-akd ,
then If(x) - 2

, 15/2

Since Linf(x)
= La there exists 80 where it

XeD and OcIx-ald ,

then If(x) - 2
,
KE/2

Let S = min &S,
52b .

Then ,

SES
,

and SESe

Since a is a limit point of D there

exists KED where
OcI-akS .

Then ,
OCl-als ,

and oal-al8e

So,
If( *)-1 ,

/E and If( * )-Lak

Thus
, (4 - (2) = (2 ,

- f(x) + f(z) - (2)



= (4 ,
-f(x)) + (f(z) - 2)

in If(x) - 2
,

1 + (f(z) - 2)

E| -t) = (t) < E + E
= E

Therefore, 12 - 12/ < E.

Since 12-12/30 and 12-bukE

for every positive d
,

by HW7,

we must have that 12-L) = 0.

So
,

L - L= 0 .

Thus
,

L = 12

#



⑪ Let f : D-R where a is a limit point

of D
.

Suppose that limf(x) = - where LFO .

X+ a

We want to find 80 where if
If(x)) > 0

XD and O <x-akS,
then

-
set

= 10 + 30
sinceto

Since limf(x) =L there exists 60

X + a

if xeD and
OcIx-akS,

where

then
If(x)-11

Thus,

if XeD and OxIX-ald ,
then

(2) = (2 - f(x) + f(x)) = (- f(x)) + (f(x)

= (f(x) - 2) + (f(x))

- E +f(x))

Thus
,

if XeD and O<IX-als ,

then

(2) + |f(x))

Thus
,

ifXED and O<Ix-akS ,

then <f(x)
Thus

,
if XeD and 0 < IX-akS ,

heocf(xil.ecoc



⑮
Let f : D-1R where a is a

limit point

of D and Yinf(x)-

Let E = 1 .

limf(x)
=

there
exists

Then,

sincexta

80
where

if XED
and

OcIX-ak

If(x)-1141 .

then

So
,

if XeD
and

Osly-ald ,

then

(f(x)) = (f(x) - 1 + 4)

Elf(x)
- 2) + 12)

< 1 + 14)

Set M = 1 + 12) ·

~
wide-al



⑮
(8) Suppose that a is a limit point of D.

So there exists

Then for every

XED with and(x-a)
-

Set Sn = h for n
= 1

,
2

,
3

,
4 ...

Then,
for every

natural
number n

there

exists XnED With XnFa

OF n = 1
,
2

,
3

PICTURE
and Ixe-akt &

Xi·
We have a sequence

(Xn) with

each XnFa and XnED.

Let's show
that Xuba .

Let E > 0 .

Pick NTO so thatS .



Then
,

if n > N we get that

(xn-a) = +

Thus, Xn-a .

that a -I and there

(8) Suppose
(xn) where

for

exists a sequence
Xn # a

and XnED.

n we
have

every

Further
assume Xn + a

Let's show this implies
that a is

a
limit point of D.

Let S0 .

Since
Xn3a

there
exists an

integer
NO

where
if nN

then
Ixn-al8 .

In particular
IXp-alS .

find

Thus,
given

870 we
can

XNED with Xe
# a so

that

< /xn-akS
.

Thus
,

a is a limit point of D.
-



⑯
Let's show that I is a limit point

of D = ( 1
,

37·

We use part (a)

Let Xn
= It h for n31 .

Then
,

(Xe) is a sequence
of points

from D with XeFl for all n

and linxn=liv (It)=
-

From part (a) ,
I is a

limit point of D.

D
XI

X3X2

%//
I 2



⑮
Let D = ( 1 ,

1) vE23.

We want to show that I is

not a limit point of D.

-

Let S=
D

//
Otto
3

There does
not exist XD

with
0 < IX-21E
-need :

we
would and |x-

2kz

orMe and Ex

Thus,
2 is not a

limit point
of D


